Spectrum of large random Markov chains

Charles BORDENAVE, Pietro CAPUTO, Djalil CHAFAI

Université de Toulouse & CNRS
Universita Roma Tre
Université Paris-Est Marne-la-Vallée

Large Random Matrices and their Applications
Télécom ParisTech, Paris, October 11-13, 2010

1/ 22



The problem
Two kind of spectra

A= (Ajpi<i<n

2/ 99



The problem

Two kind of spectra

A= (Aji<i<n
@ Eigenvalues of A = roots in C of characteristic polynomial

1 n
pa = D O OnCT A (A) = = [ An(A)
e

2/ 99



The problem

Two kind of spectra

A= (Aji<i<n
@ Eigenvalues of A = roots in C of characteristic polynomial
1 n
pA = D O OnCT A (A) = = [ An(A)

k=1

@ Singular values of A = eigenvalues of Hermitization v AA*

1 n
Vg = B Zésk(A) on R+ S1 (A) Z 2 Sn(A)
k=1

2/ 99



The problem

Two kind of spectra

A= (Aji<i<n
@ Eigenvalues of A = roots in C of characteristic polynomial

1 n
pa = D O OnCT A (A) = = [ An(A)
e

@ Singular values of A = eigenvalues of Hermitization v AA*
1 n
vp = B Z(Ssk(A) on R+ 51 (A) =2 Sn(A)

k=1
@ If Ais normal (AA* = A*A) then si(A) = | \x(A)| for all k

2/ 99



The problem

Two kind of spectra

A= (Aji<i<n
@ Eigenvalues of A = roots in C of characteristic polynomial

1 n
pa = D O OnCT A (A) = = [ An(A)
e

@ Singular values of A = eigenvalues of Hermitization v AA*

1 n
vp = B ;55,((,4) on R+ S1 (A) =2 Sn(A)
@ If Ais normal (AA* = A*A) then si(A) = | \x(A)| for all k
@ Eigenvalues are very sensitive when A is not normal

@ Singular values are more regular than eigenvalues
2/ 99
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An elementary example (Sniady, Bai-Silverstein)

{non normal} > {non diagonalizable} > {nilpotent}
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@ rank(A-B)=1and |[A-B|, ,,=ep—0asn— oo

@ vp —~d1andvg — 61 ash— oo

@ upa = 6o whereas pg — Unif. law on unit circle as n — oo
@ Pseudospectrum (see e.g. Trefethen & Embree 05)
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The problem

Singular values

X = (Xj)i<ij<n iid entries
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X = (Xj)i<ij<n iid entries

Theorem (Quartercircular law)

If X11 has finite positive variance o then a.s.

12
Vi ” QO‘
vt n—oo

where Q,, is the quartercircular law

1
X — @ \V/ 40'2 — X21[0720.](X).

BIB: Marchenko-Pastur 67, Wachter 78, Yin 86
TECH: Truncation, centralization, Stieltjes recursion, fixed point
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Eigenvalues

Theorem (Circular law)
If X11 has finite positive variance o then a.s.

where C, is the circular law

’
Z thecqz\ga}(z)-

5/ 29



The problem

Eigenvalues

Theorem (Circular law)
If X11 has finite positive variance o then a.s.

where C, is the circular law

1
Z= W.I {ze(C:|z\<a}(Z)'

BIB: Mehta 67, Girko 84,90,97,05, Silverstein 84, Edelman 97,
Bai 97, Sniady 02, Bai-Silverstein 06, Goldsheid-Khoruzhenko
05, Gotze-Tikhomirov 10, Pan-Zhou 09, Tao-Vu 08,10
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The problem

Eigenvalues

Theorem (Circular law)
If X11 has finite positive variance o then a.s.

where C, is the circular law

’
Ze W-I{ZE(C:VKJ}(Z)-

BIB: Mehta 67, Girko 84,90,97,05, Silverstein 84, Edelman 97,
Bai 97, Sniady 02, Bai-Silverstein 06, Goldsheid-Khoruzhenko
05, Gotze-Tikhomirov 10, Pan-Zhou 09, Tao-Vu 08,10

TECH: Hermitization, log-potential, extremal singular values
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The problem

Markov matrices

@ Markov chainon {1,...,n}
My - My,
M= | Xt =X =1) = M
Mpi -+ Mpg

@ Each row of M belongs to the simplex

An::{(p17"'7pn)€[071]n:p1+"'+pn:1}

@ 1 € Eigenvalues(M) c {ze C:|z| <1}
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The problem

Random Markov matrices

We make M random:
Xi Xi
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T Xatot X ’
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How the spectrum of M behaves when nis large?
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The problem

Random Markov matrices

We make M random:

X; X; )
My="2—-—_ "1V __ where X;>0iid
Yo X+ X J

@ M has iid rows
@ M has dependent and non centered entries

How the spectrum of M behaves when n is Iarge’?‘

If X34 is exponential then
@ M has iid rows following a Dirichlet law (uniform on Ap)
@ M follows the uniform law on the Markov polytope A]}
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Finite variance

Markov: singular values

Theorem (Quartercircular law)
If X11 has finite positive variance ¢ then a.s.

b

vyam o2 9

where Q- is the quartercircular law on [0,27].
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Finite variance

Markov: singular values

Theorem (Quartercircular law)
If X11 has finite positive variance ¢ then a.s.

b

vyam 52 9

where Q- is the quartercircular law on [0,27].

v

TECH: Product decomposition, Bai-Yin ULLN, Courant-Fischer,
Quartercircular law theorem for X. Very similar to Aubrun 06
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Finite variance

Markov: singular values

Product decomposition into stabilized objects:

M =DX where D =Diag(p;',...,p5")
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Finite variance

Markov: singular values

Product decomposition into stabilized objects:
M =DX where D =Diag(p;',...,p5")

LLN heuristics:

1 1 1
— X~ —X
vno o E(Xi1) vn

Bai-Yin ULLN when Xj{ has finite variance:

vnM = nD

max
1<ign

%fﬂz(xﬁ)( = o(1) as.
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Finite variance

Markov: singular values

Product decomposition into stabilized objects:
M =DX where D =Diag(p;',...,p5")

LLN heuristics:
1 1 1
vVnM =nD—X ~
vno o E(Xi1)vn

Bai-Yin ULLN when Xj{ has finite variance:

—X

max pi
1<ig<nl N

- E(xﬁ)( = o(1) as.
Courant-Fischer variational formulas:

Sn(D)sk(X) < sk(M) < s1(D)sk(X)
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Finite variance

Markov: eigenvalues

Numerical experiment

Figure: Eigenvalues of M when Xj; Bernoulli %60 + %51 and n = 250
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Finite variance

Markov: eigenvalues

Theorem (Circular law)
If X114 has bounded density and variance 0 < o2 < oo then a.s.

b c
Hynm =0 o5

where C< is the circular law on the disc of radius 7.
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Finite variance

Markov: eigenvalues

Theorem (Circular law)
If X114 has bounded density and variance 0 < o2 < oo then a.s.

Ch C
Hvam o5 O

where C< is the circular law on the disc of radius 7.

TECH:
@ Logartihmic potential and Hermitization

@ Uniform integrability

e Polynomial bounds on extremal singular values
e Deviation of distances to subspaces (Talagrand)
e Marchenko-Pastur type result for Hermitization
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Finite variance

Logarithmic potential and Hermitization |

For a probability measure p on C integrating log |-| at oco:

U,:zeCw —/Iog |z — 2| u(dz") € (—o0, +¢]
C
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Logarithmic potential and Hermitization |

For a probability measure p on C integrating log |-| at co
U,:zeCw —/Iog |z — 2| u(dz") € (—o0, +¢]
C
The fundamental solution of Laplace’s equation in R? is log |-|:

AU, = —27u in D'(R?).

For an n x n matrix A with charpoly Pa(z) := det(A — zl):

Uua(z) = —% log |Pa(2)| = —— Iog det(y/(A — zI)(A — z1)*)

- /0 “log(t) va_a(at)
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Finite variance

Logarithmic potential and Hermitization Il

Relation to Stieltjes transform:

5.2 = [ 515 ue)E (0 0,)U.(2)

and thus ,
(Ox + i0y)S, & —2mp
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Finite variance

Logarithmic potential and Hermitization Il

Logarithmic energy (distribution of charges in R?):

E(p) : /U wu(dz) = / Iog wu(dz)pu(dz")

Relation to circular law C, (see e.g. book of Saff and Totik):

Cr = argmin {S(M) + [Jﬁz u(dz)}
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Finite variance

Logarithmic potential and Hermitization Il

Logarithmic energy (distribution of charges in R?):

E(p) : /U wu(dz) = / Iog wu(dz)pu(dz")

Relation to circular law C, (see e.g. book of Saff and Totik):

Cr = argmin {S(M) + [Jﬁz u(dz)}

BIB: Logarithmic potentials with external fields : Saff-Totik 97
Voiculescu entropy (up to a sign) : Min energy - Max entropy
Brown spectral measure and Fuglede-Kadison determinant
Patlak-Keller-Segel PDE model

13/ 292



Finite variance

Logarithmic potential and Hermitization Il

Large Deviation Principle when Xj{ is complex Gaussian:

n
exp (Z log [Aj — Al = )\/2>
1

i# i=

Fsp e B) = eonp (7 int {e+ [ 2L o))

BIB: Ben Arous-Guionnet 97, Ben Arous-Zeitouni 98
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Finite variance

Logarithmic potential and Hermitization IV

Lemma (From Hermitization to spectral convergence)

Let (An)n=1 be a sequence of random matrices where A, is
nx n. Iffora.a. z € C there exists a law v, on R such that a.s.

@ (va,—z)n>1 converges weakly to v,
@ log(+) is uniformly integrable for (va,—1)n>1

15/ 22



Finite variance

Logarithmic potential and Hermitization IV

Lemma (From Hermitization to spectral convergence)

Let (An)n=1 be a sequence of random matrices where A, is
nx n. Iffora.a. z € C there exists a law v, on R such that a.s.

@ (va,—z)n>1 converges weakly to v,

@ log(+) is uniformly integrable for (va,—1)n>1
then there exists a law 1, on C such that

@ a.s. (ua,)n=1 converges weakly to u

@ foraa.ze C:Uy(z) = — /oolog(t) vz(dt)
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Finite variance

Logarithmic potential and Hermitization IV

Lemma (From Hermitization to spectral convergence)

Let (An)n=1 be a sequence of random matrices where A, is
nx n. Iffora.a. z € C there exists a law v, on R such that a.s.

@ (va,—z)n>1 converges weakly to v,

@ log(+) is uniformly integrable for (va,—1)n>1
then there exists a law 1, on C such that

@ a.s. (ua,)n=1 converges weakly to u

@ foraa.ze C:Uy(z) = — /oolog(t) vz(dt)
0

TECH: Prohorov thm. + log-pot. unicity + Weyl inequalities:

k
Hs, \H i(A)] and H|)\ < ]siA)
i=k i=1
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Finite variance

Logarithmic potential and Hermitization V

Una(2) = /O 109(t) v mm_a(0)
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Finite variance

Logarithmic potential and Hermitization V

Una(2) = /O 109(t) v mm_a(0)

@ Weak convergence v ;y_, — vz via Dozier-Silverstein 07:
@ Uniform integrability of the logarithm for v zy_,
e Using LLN and polynomial upper bound on s;(v/nM — zI):

&

e Using polynomial lower bound on s,(+/nM — zI):

’

e Using distance of rows to subspaces (via Talagrand ineq.)

1
/n—b

—b
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Finite variance

Polynomial bound on least singular value

(va, C > 0)(3b > 0)(Vz,|z| < C)(3ng)(¥n > ng)
P(sp(vAM —zI) < n?) < n~2

In particular, for some b > 0 which may depend on C, a.s. for
n> 1, v/nM — zl is invertible with s,(v/nM — zI) > n>.
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Polynomial bound on least singular value

(Va,C > 0)(3b > 0)(Vz,|z| < C)(3ng)(Vn = ng)
P(sp(vAM —zI) < n?) < n~2
In particular, for some b > 0 which may depend on C, a.s. for
n> 1, v/nM — zl is invertible with s,(v/nM — zI) > n>.
@ The main problem here is the presence of z
@ We need only an a.s. polynomial lower bound for n > 1

@ We prove it when Xj1 has bounded density (drop that!)
@ Tao-Vu type result (# Rudelson-Vershynin type result)
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Finite variance

Polynomial bound on least singular value

(va, C > 0)(3b > 0)(Vz,|z| < C)(3ng)(¥n > ng)
P(sp(vAM —zI) < n?) < n~2

In particular, for some b > 0 which may depend on C, a.s. for
n> 1, v/nM — zl is invertible with s,(v/nM — zI) > n>.
@ The main problem here is the presence of z
@ We need only an a.s. polynomial lower bound for n > 1
@ We prove it when X4 has bounded density (drop that!)
@ Tao-Vu type result (# Rudelson-Vershynin type result)
@ Rigid structure of the model:

R{P,AP, R,
: where X = X

D' = :
R,P,AP, R,

V4
N
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Finite variance

Polynomial bound on least singular value

10 - 0
z
A=1-— :

v 10 - 0
So(A)=---=s,_1(A)=1 forn>1
and

V2

lim_sp(A) = lim si(A)~" =

e \/2+ 2|2 + |z|\/4 + |z
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Infinite variance

Singular values of X: infinite variance

Behavior when E(X?) = co?
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Infinite variance

Singular values of X: infinite variance

Behavior when E(X?) = co?

No ULLN if E(X2,) = oo
No LLN if E(X;1) = oo

(3o € (0,2))(Vt > 0) P([Xi1| > t) ~ t©

New limiting distributions for X
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Infinite variance

Singular values of X: infinite variance

Theorem (Singular values)

Forevery0 < a < 2 and z € C, there exists a law v,, ; on [0, c0)
such that if P(|Xy1| > t) ~ t~ then for some a, ~ n'/*, a.s.

%h
Var ' X—21 50 Veo?
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Infinite variance

Singular values of X: infinite variance

19/ 22

Theorem (Singular values)

Forevery0 < a < 2 and z € C, there exists a law v,, ; on [0, c0)
such that if P(|Xy1| > t) ~ t~ then for some a, ~ n'/*, a.s.

%h
Var ' X—21 50 Veo?

TECH: Aldous-Steele objective method, local weak
convergence to bipartized Poisson Weighted Infinite Tree (lim.
operator), spectrum via resolvent and Reed-Simon techniques.
BIB: for z = 0, alt. proof by Belinschi-Dembo-Guionnet 09



Infinite variance

Eigenvalues of X: infinite variance

Numerical experiments

Spectrum module
0.045

Spectrum 0.04

0.035

0.03

0.025

0.02

0.015

0.01

AN oOoN s ®

8-6-4-202 46 8
0.005

0
01234567
Figure: n = 5000, a = 1, X;1 = Rademacher(1) * (Unif[0, 1]"/* — 1)
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Infinite variance

Eigenvalues of X: infinite variance

Theorem (Eigenvalues)

For every 0 < o < 2, there exists a law 1, on C such that if X is
absolutely continuous with P(|X11| > t) ~ t~“ then for a
deterministic sequence a, ~ n'/®, a.s.

s,
1
’uan X nsoo Ha

Moreover, p., is isotropic, absolutely continuous, with tail

c|lzP*Ne=2l7* g5 |z| - .
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Infinite variance

Eigenvalues of X: infinite variance

Theorem (Eigenvalues)

For every 0 < o < 2, there exists a law 1, on C such that if X is
absolutely continuous with P(|X11| > t) ~ t~“ then for a
deterministic sequence a, ~ n' /e as.

b

—y —
Iuan Xn—)OO 2%

Moreover, p., is isotropic, absolutely continuous, with tail

c|lzP*Ne=2l7* g5 |z| - .

TECH: logarithmic potential, RDE via bipartization of PWIT
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Final comments

Additional results:

@ Behavior of s;(M) and A{(M) if E(X},) < oo
@ Full analysis of uy when X is symmetric:
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Final comments

Additional results:

@ Behavior of s;(M) and A{(M) if E(X},) < oo
@ Full analysis of uy when X is symmetric:
e Wigner type result if E(Xi1)? < oo
e Edge convergence if E(X};) < oo
e Behavior of main eigenvector when E(X2,) < oo
e Behavior of um if E(XZ) = oo
LLN heuristics works if E(X11) < oo
New limiting object if E(Xi1) = oo
New proofs for X via Aldous-Steele objective method
Ben Arous-Guionnet, Bouchaud-Cizeau and Zakharevich
e Behavior of main eigenvector when E(X2,) = co
Poisson point processes and Poisson—Dirichlet laws
Chain trapped by edges with large weights
e Non universality of tridiagonal models

But still many open questions!
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